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Machining accuracy reliability as a key index of CNC machine tools is seriously influenced 
by the geometric and thermal errors. In the paper, a spindle unit thermal error modeling and 
machining accuracy reliability analysis method is proposed. By analyzing the heat genera-
tion mechanism, a thermal error model was developed to describe the thermal deformation 
of the electric spindle. Based on the immune algorithm (IA), the heat generation power and 
the heat transfer coefficient were optimized, and the thermal error was obtained by finite 
element thermal-mechanical coupling. By adopting the multi-body system theory (MBS), a 
dynamic machining accuracy model was put forward including the geometric and thermal 
errors. Based on the Latin hypercube sampling Monte Carlo method (LHSMC), a machining 
accuracy reliability analysis method was proposed to characterize the machining accuracy 
reliability considering the geometric and thermal errors. The method was employed to a 
machine tool, and the experimental results indicate the verification and superiority of the 
method.
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1. Introduction
CNC machine tools are favored by various enterprises as core 

equipment owing to their high-speed and high-accuracy characteris-
tics. Machining accuracy reliability is an important criterion, which 
reflects the capability of machine tools to achieve the desired require-
ments. The machining accuracy is directly expressed in the dimen-
sional error of the workpiece in the work condition. Geometric and 
thermal errors are the major contributors to variations in machining 
accuracy [21, 23]. Among the total error sources, the occupancy rate 
of thermal error is 40%-75% [14]. The higher machining accuracy 
reliability of machine tools, the greater their competitiveness, which 
is a factor that manufacturers need to focus on [4]. Thus, it is crucial 
to consider the impact of thermal error on the machining accuracy 
reliability. With the increased requirements for high precision and ef-
ficiency in manufacturing technology, the effective prediction of ther-
mal error is becoming increasingly important in studying machining 
accuracy [30]. Hence, how to characterize the reliability of machining 

accuracy under the effect of thermal error is critical to evaluate the 
machining capability of machine tools [18].

The temperature variation of the motor and bearings are the major 
cause of thermal error [15]. Since it is difficult to be calculated ef-
fectively, scientific modeling methods to predict the thermal error are 
necessary [13]. The thermal error modeling process has the follow-
ing steps: analyzing the spindle temperature rise field; establishing 
the connection between the critical region of temperature and thermal 
deformation field; collecting the critical region temperature to predict 
the thermal error [24]. Recently, many scholars have devoted them-
selves to the research of thermal error modeling methods. Zhao et 
al. calculated the convection heat transfer coefficient on the spindle 
surface, the temperature and deformation fields of the spindle were 
derived based on the finite element method and validated experimen-
tally [31]. Hou et al. analyzed the coupled thermal deformation of ma-
chine tool components, and a multi-objective genetic algorithm was 
applied to derive a high robustness thermal error model [6]. By using 
the improved particle swarm optimization (IPSO) method, Li et al. 
developed a thermal error model, and the higher modeling efficiency 
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and accuracy were validated by experiments [11]. Shi et al. introduced 
a thermal error model by Bayesian neural network, and used fuzzy c-
means (FCM) clustering analysis to select the sensitive points of tem-
perature. The model has higher prediction accuracy compared to BP 
neural network [20]. Uhlmann and Hu established a three-dimensional 
finite element model to predict the thermal characteristics of electric 
spindles, quantified the heat transfer process internal to the spindle, 
and validated it under consideration of complex boundary conditions 
[22]. Zheng and Chen studied the thermal performance of angular 
contact bearings, analyzed the heat transfer process of the bearing 
sub source, and developed a comprehensive thermal grid model to 
predict the temperature rise of the bearings considering the effect of 
various factors such as constraints and assembly relationships [33]. To 
effectively forecast the transient temperature and thermal deformation 
fields of the spindle unit, Yang et al. developed a coupled thermal-
structural model, and compared with the TCP thermal errors obtained 
by the regression model to validate the feasibility of this model [25].

Most of the above-mentioned thermal error modeling methods 
were proposed based on empirical formulas, which deviate from the 
actual situation and decrease predictive performance. In addition, the 
traditional temperature-thermal error and multivariate-thermal error 
models did not study the formation mechanism of thermal error of the 
spindle unit in depth, which leaves room for improvement in the ap-
plication of these two methods [16]. Hence, how to construct a spin-
dle thermal error model with higher prediction accuracy is an urgent 
problem. 

Meanwhile, geometric and thermal errors are the direct cause of 
the machining accuracy deviation from the desired requirements [5]. 
Thus, it is imperative to perform machining accuracy modeling. To 
this end, there are a lot of efforts made by many researchers to develop 
modeling methods, such as HTM [10, 7, 26, 5], screw theory [32, 17], 
D-H method [9], Lagrange method [19], Spearman rank correlation 
method [3] and so on. Geometric errors can be measured using instru-
ments, the translation geometric errors are determined using a laser 
interferometer, while the angle errors are determined using a ball-bar 
[34]. The machining accuracy requires consideration of multiple error 
sources, which is the key point of this paper’s research.

Machining accuracy reliability can effectively indicate the capa-
bility of the machine tool to achieve the required machining accu-
racy [27]. So far, much work has been done by many researchers to 
characterize the reliability of machines. Cheng et al. developed the 
reliability and sensitivity model to analyze the machining accuracy 
of the machine tool based on Monte Carlo method, and verified with 
a three-axis machine tool [2]. Jiang et al. calculated the reliability of 
the electric spindle system based on the quasi-Monte Carlo method 
(QMC), used the Kriging method instead of the QMC method to make 
the calculation more efficient, and experimentally verified the appli-
cability of the model [8]. Cai et al. developed the machining accuracy 
reliability and sensitivity models considering multiple failure modes 
based on the first-order and second-moment (AFOSM) and performed 
experimental validation [1]. The aforementioned scholars have con-
ducted many works for the reliability of machine tools, which shows 
that the development of machine tool reliability analysis methods is 
critical. High accuracy reliability prediction methods can improve the 
competitiveness of machine tools [12]. Detailed descriptions of this 
aspect are also provided in this paper.

In the paper, a thermal error modeling of spindle unit and machin-
ing accuracy reliability analysis method for CNC machine tools is 
presented, which has the following advantages:

The first advantage is the establishment the thermal error mod-1. 
el of the electric spindle based on heat generation mechanism 
and IA. Besides, the heat generation power and heat transfer 
coefficient were optimized by IA. This model can reveal the 
inner mechanism of the thermal error and screen the key fac-
tors compared to the current empirical methods and tempera-
ture-thermal error neural network methods, which can provide 

the methodological support for predicting the spindle thermal 
error.
The second advantage is the development of the machining 2. 
accuracy model by MBS, which considers the comprehensive 
influence of geometric and thermal errors. This model extends 
the prediction of machining accuracy from considering a sin-
gle error source of geometric errors to a multiple error sources 
of geometric and thermal errors;
The third advantage is the proposal of the machining accuracy 3. 
reliability analysis method by LHSMC, which considers the 
multiple error sources and the randomness of errors. What’s 
more, the model expands the machining accuracy reliability 
assessment from the traditional static category to the dynamic 
category, which is closer to the actual machining process and 
can provide a valid theoretical guide to analyze the machining 
accuracy reliability of machine tools.

The other contents are arranged as follows. Section 2 gives a de-
scription of the thermal error modeling and machining accuracy mod-
eling process. In Section 3, the machining accuracy reliability model 
based on LHSMC is established. Then, a four-axis machine tool is 
utilized to validate this model through experiments, by comparing 
with AFOSM in Section 4. The conclusion of the paper is given in 
section 5.

2. Dynamic machining accuracy modeling considering 
the thermal error of spindle unit

2.1. Heat generation mechanism analysis
As the core of the machine tool, the spindle unit contains many 

heat generating components. Rotating parts such as bearings and mo-
tor inevitably generate heat due to the friction under the high speed 
rotation. When the heat accumulates, the spindle unit generates the 
deformation. To decrease the large deformation induced by high tem-
perature rise, the spiral cooling water jackets are placed outside the 
heat generating components to accelerate the heat dissipation process. 
When the electric spindle unit is working, the existence of tempera-
ture gradients internal to the electric spindle unit drives the heat trans-
fer from the high temperature area to the low temperature area. The 
components in contact with the air transfer heat to the air in the form 
of thermal radiation. The heat transfer process between the coolant 
and the heat generating components carries away most of the heat, as 
shown in Fig. 1.

It is assumed that the effect of the change in ambient temperature is 
not considered. According to the law of energy conservation, the rela-

Fig. 1. Heat transfer process of electric spindle unit 
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tionship between the energy field and the temperature field internal to 
the spindle unit can be expressed as follows:

 
  

total pro thr dis sol

thr

dTc
dt

dTand A
dt

θ

Φ = Φ +Φ −Φ =

Φ =
 (1)

where proΦ  is the component heat generation power, thrΦ  is the 
heat conduction through the continuous cross section of the spindle 
unit, disΦ  is the coolant heat exchange power, solc  is the specific 
heat capacity coefficient, t is the heat transfer time, θ  is the thermal 
conductivity of the spindle unit, and A is the area of the heat exchange 
surface.

2.2. Thermal error modeling based on IA
Since the electric spindle unit consists of many heat generating 

components, the process of thermal error modeling can be catego-
rized as following:

1) Front and rear bearing heat generation power modeling
The heat generation power of the bearings operating under the load 

is expressed as:

 41.047 10 ( )b v eW M Mω−= × ⋅ +  (2)

where ω  is the angular velocity, vM is the friction torque relevant to 
the viscous lubrication, and eM

 
is the friction torque which depends 

on the applied load.

2) Motor heat generation power modeling
The motor of the electric spindle unit is the driving device, and its 

heat generation power can be expressed as [29]:

 1 2M M MΦ = Φ +Φ  (3)

where 1MΦ  is the heat generation power of rotor, and 2MΦ  is the 
heat generation power of stator.

In Eq. (3), the heat generation power MΦ
 
can be obtained from 

the following equation:
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where 1Q  is the heat generation of rotor, 2Q
 
is the heat generation of 

stator, 1V  is the volume of rotor, and 2V  is the volume of stator.

3) Coolant heat transfer coefficient modeling
Coolant is an important medium in the cooling process. The heat 

transfer process internal to the spindle unit contains three parts: the 
direct contact heat exchange between the rotating components and the 
ambient air; the heat exchange between the bearings and the coolant; 
and the heat exchange between the motor and the coolant. The heat 
transfer coefficient is expressed as follows:

 
2 1

3 3  0.133

a
h Nu

l

and Nu Re Pr

θ
=

=

 (5)

where Re  is the Reynolds value, Pr  is the Prandtl value, and al  is 
the cross-sectional circumference of the spindle unit.

4) Optimization of heat generation power and heat transfer coef-
ficient

Generally, there is a deviation between the theoretical values and 
practice values acquired from Eq. (2) to Eq. (5). To narrow the gap be-
tween them, the optimal heat generation power and heat transfer coef-
ficient are found based on IA. The iterative optimization process of IA 
is implemented by the operators, including the operator for evaluating 
affinity, the operator for evaluating antibody concentration, and the 
operator for calculating the degree of excitation and so on.

The equation for parameter optimization can be written as:

 _ _ _ _ _ _ _ _

_ _ _ _

ˆ

ˆ

U U
F B M F B M F B M F B M

h h
f n f n f n f n

U k U b

h k h b

 = × +


= × +
 (6)

where _ _F B MU  are the heat generation power of the front bearing, 
rear bearing and motor, respectively; _f nh  are the forced and natural 
convection heat transfer coefficient, respectively; _ _

U
F B Mk , _

h
f nk  

are the proportionality factor of heat generation power and heat trans-
fer coefficient, and _ _

U
F B Mb , _

h
f nb  are the deviation modification 

factor of heat generation power and heat transfer coefficient.

The vector form of optimized variables can be written as:

 1 2 3 4 5 6 7 8 9 10[ , , , , , , , , , ]

[ , , , , , , , , , ,]

T

U U U U U U h h h h
F F B B M M f f n nk b k b k b k b k b

χ χ χ χ χ χ χ χ χ χ=

=

χ
 (7)

The affinity indicates the binding strength of the immune cells to 
the antigens, and the antibody affinity function based on the Eucli-
dean distance is expressed as follows:

 2
, .

1
( , ) ( )

r
i j i k j k

k
aff q q q q

=
= −∑  (8)

where ( , )i jaff q q  is the affinity between antibodies, ,i kq
 
and .j kq  

are the k-th dimension of antibody i and the k-th dimension of anti-
body j, and r is the number of antibody dimension.

To solve the optimization problem in this paper, Eq. (8) can be 
transformed into:

 2 2 2 ( ) ( ) ( ) ( )F F M M B Bmin f min T T T T T T∗ ∗ ∗= − + − + −χ        (9)

where FT , MT  and BT are the front bearing, rear bearing and motor 
simulation temperature, respectively; and

 FT∗ , MT∗

 
and BT∗

 
are 

the front bearing, rear bearing and motor experimental temperature, 
respectively.

The antibody concentration reflects the quality of antibody pop-
ulation, and the high concentration indicates the presence of many 
similar individuals which inhibits the global optimization procedure. 
To guarantee individuals have the characteristics of diversity, the an-
tibody concentration is defined as follows:

 
1
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where L is the population size, ( , )i jS q q  is the similarity between 
antibodies, and sδ  is the similarity threshold.
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The incentive degree is an evaluation indica-
tor for antibodies considering both affinity and 
concentration, and then the next generation of 
antibodies is screened. It can be described as:

( ) ( ) ( )i i isim q a aff q b Den q= ⋅ − ⋅       (11)

where ( )isim q  is the incentive degree of the an-
tibodies ig , and a, b are calculation parameters 
depending on the actual situation.

The cloning process was performed by se-
lecting the antibodies with the high incentives 
in the antibody population, which is represent-
ed as follows:

( ) ( )C i i mT q clone q=             (12)

where clone(qi) is the set consisting of m cloned 
antibodies identical to qi, and m is the number 
of clones.

By updating the antibodies with low incen-
tive degree in the population and replacing 
them with new antibodies generated randomly, 
the global search is achieved. The optimization 
process is shown in Fig. 2, which can be sum-
marized as follows: the basic parameters are set 
such as the immune algebra G=200, the varia-
tion probability Pm=0.7, and the incentive de-
gree factor α =2; the initial range of variation 
of the variables k and b are set, and the random 
values of k and b are dynamically generated for 
the calculation of Eq. (6)；the values calcu-
lated by Eq. (6) are used in the finite element 
simulation, the simulated temperature values 
and the experimental temperature values are used for the calculation 
of Eq. (7); and the optimal values of k and b are obtained by circular 
iterations. 

5) The finite element simulation of spindle unit
On fluid-solid contact surface, the heat generation and the heat 

transfer processes of the motor and bearings can be described as:

 

( ) ( ) ( )/ / / ˆflu sol u flu sol u flu sol vp k T Q
t

ρ ϑ µ ρ ϑ ς µ∂   + ∇ ⋅ + = ∇ ⋅ ∇ + +   ∂

 

(13)

where uϑ  is the energy carried per unit mass, /flu solk  denotes the 
thermal conductivity of fluid and solid, µ



 denotes the vector of ve-
locity, ς̂  is the tensor of stress, ( )ς̂ µ∇ ⋅



 is the heat dissipation of the 
coolant induced by viscous friction, vQ  denotes the heat generation 
power of the motor and bearings, and ( )k T∇ ⋅ ∇  denotes the heat 
transfer of solid, coolant and air heat convection.

2.3. Machining accuracy modeling based on MBS
MBS serves as a complete abstraction of complicated mechani-

cal systems, which can abstract the four-axis machine tool to be a 
system with multiple independent bodies. The machining accuracy 
model is then established by determining the position relationship be-
tween each body. The kinematic model of the four-axis machine tool 
is shown in Fig. 3. Fig. 3(a) shows the overall structural model of the 
machine tool. Fig. 3 (b) shows the topological framework of the ma-
chine tool. Fig. 3(a) consists of eight typical bodies, represented by Dj 
(j=1, 2...8). Two branches can be obtained: the bed (D1) -X-axis mov-
ing part (D2) -Y-axis moving part (D3) -spindle (D4)-tool (D5) branch, 

and the bed (D1) -Z-axis moving part (D6) -B-axis rotating part (D7) 
-workpiece (D8) branch. 

The position change relationship between each two adjacent bodies 
is described by the homogeneous coordinate transformation matrices. 
The motion of any individual in the machine tool can be decomposed 
into two sub-motions, namely rotation around the axis and translation 
along the axis, so six errors are generated. Taking the Z-axis as an 
explanation, the matrix of error homogeneous transformation is writ-
ten as follows:

 16

1
1

1
0 0 0 1

z z z

z z z
s

z z z

x
y
z

γ β
γ α
β α

−∆ ∆ ∆ 
 ∆ −∆ ∆ ∆ =
 −∆ ∆ ∆
 
 

Κ

The four-axis machine tool includes X, Y, Z translation axes and B 
rotation axis. So a total of 30 geometric errors are generated. They are 
given in Table 1.

The forming point of the tool is in its own coordinate system as:

 1
T

t tx ty tzH H H =  H  (14)

Similarly, the forming point of the workpiece is in its own coor-
dinate system as:

 1
T

w wx wy wzH H H =  H  (15)

Fig. 2. Optimization process of immune algorithm
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Ideally, their forming point coordinates in their own coordinate 
systems will overlap, so the machining accuracy can be written as:

16 16 67 67 78 78 12 12 23 23 34 34 45 45p s p s p s w p s p s p s p s t=             Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ ΚH H

(16)

where p, s are the static state and motion state, and  
,  ,  , 1,2,...ijp ijs i j = Κ Κ  are the homogeneous transformation matri-

ces of static and motion in the ideal state, respectively.

The workpiece forming point in an ideal state can be represented 
by the tool forming point as:

1
12 12 23 23 34 34 45 45 16 16 67 67 78 78(t p s p s p s p s p s p s p s w

−=              Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ ΚH H)

(17)

However, in practice, the geometric and the thermal errors can both 
affect the machining accuracy. The homogeneous transformation ma-
trices between adjacent bodies are given in Table 2.

In summary, the machining accuracy model in the state of actual 
machining can be written as:

16 16 16 16 67 67 67 67 78 78 78 78

12 12 12 12 23 23 23 23 34 34 34 34 45 45 45 45

p p s s p p s s p p s s w

p p s s p p s s p p s s p p s s t

= ∆ ∆ ∆ ∆ ∆ ∆ −

∆ ∆ ∆ ∆ ∆ ∆ ∆ ∆

           

               

Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ

Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ Κ

E H

H

(18)

where ijp∆ Κ  and  ,  , 1,2,...ijs i j∆ =Κ  are the homogeneous transfor-
mation matrices of the static error and motion error, respectively.

3. Machining accuracy reliability analysis based on 
LHSMC

3.1. Preliminary
The machining accuracy reliability of the machine tool reflects its 

ability to achieve a specific function under specified conditions in 
a predetermined time period [26]. Here, it is regarded as a criterion 
to evaluate the merits of the four-axis machine tool. Besides, a ma-
chining accuracy reliability prediction method is presented based on 
LHSMC.

The process of LHSMC can be organized as follows: The sample 
size is determined by Latin hypercube sampling (LHS); the cumula-
tive distribution curve is divided into equal intervals on the cumula-
tive possibility scale [0, 1]; the samples are drawn from each interval 
of the possibility distribution and used to represent the value of each 
interval; and the values are used to reconstruct the possibility distribu-
tion of the variables.

The steps of drawing K samples 1 2( , ,..., ) ( 1,2,..., )T
i i inv v v i K= =v  

from a random vector 1 2( , ,..., )T
KV V V=V  using LHS is as follows:

(1) The range of each random variable ( 1,2,..., )jV j n=  is di-
vided into K equal probability intervals, which means that the 
range [0, 1] of the cumulative distribution function ( )

jV jF v  
of variable Vj is divided into K non-overlapping subintervals
[0,  1 / ],  [1 / ,  2 / ],...,  [1 1 / ,  1]K N K K− .

(2) One sample is extracted from each of the K subintervals as to 
variable Vj. Then, only one random number is generated as to each 
interval, and it is taken as the representative value of the interval. As 
to the i-th interval, ( 1 ) /iu i u K= − + when the representative value 
ui is chosen randomly and the random number u is generated in U 

Table 1. Explanation of related symbols

Symbol Definition

xx∆ , yy∆ , zz∆ Positioning error

yx∆ , zx∆ Straightness error in X-direction

xy∆ , zy∆ Straightness error in Y-direction

xz∆ , yz∆ Straightness error in Z-direction

xα∆ , yβ∆ , zγ∆ Roll error

xβ∆ , yα∆ , zα∆ Pitch error

xγ∆ , yγ∆ , zβ∆ Yaw error

Bx∆ , By∆ , Bz∆ Run-out error in X-, Y-, Z-direction

Bα∆ , Bβ∆ , Bγ∆ Turning error

XYS , XZS , YZS Perpendicularity error 

yBεγ , xBεα Parallelism error of B-axis in the XZ, YZ 
plane

yBzε Offset error

,  ,  T T T
x y zϕ ϕ ϕ∆ ∆ ∆ Thermal error along the X, Y, Z-direction

Fig. 3. The structural model and topological structure diagram of a four-axis machine tool platform
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Table 2. Homogeneous transformation matrices of the four-axis CNC machine tool 

Adjacent body 
number

Body ideal static, motion HTMs
( ijpΚ , sijΚ )

Body static, motion error HTMs
( ijp∆ Κ , ijs∆ Κ )

1-2
X-axis

12 4 4p ×=Κ I 56

1 0

1 0 0

0 1 0
0 0 0 1

xy xz

xy
p

xz

S S

S

S

− 
 
 ∆ =  − 
 
 

Κ

12

1 0 0
0 1 0 0
0 0 1 0
0 0 0 1

s

x 
 
 =
 
 
 

Κ 12

1
1

1
0 0 0 1

x x x

x x x
s

x x x

x
y
z

γ β
γ α
β α

−∆ ∆ ∆ 
 ∆ −∆ ∆ ∆ =
 −∆ ∆ ∆
 
 

Κ

2-3
Y-axis

23 4 4p ×=Κ I 23 4 4p ×∆ =Κ I

23

1 0 0 0
0 1 0
0 0 1 0
0 0 0 1

s
y

 
 
 =
 
 
 

Κ 23

1

1

1

0 0 0 1

y y y

y y y
s

y y y

x

y

z

γ β

γ α

β α

−∆ ∆ ∆ 
 
∆ −∆ ∆ 

∆ =  −∆ ∆ ∆ 
 
 

Κ

1-6
Z-axis

16 4 4p ×=Κ I 16

1 0 0 0
0 1 0

0 1 0

0 0 0 1

yz
p

yz

S

S

 
 − ∆ =  
 
 
 

Κ

16

1 0 0 0
0 1 0 0
0 0 1
0 0 0 1

s z

 
 
 =
 
 
 

Κ 16

1
1

1
0 0 0 1

z z z

z z z
s

z z z

x
y
z

γ β
γ α
β α

−∆ ∆ ∆ 
 ∆ −∆ ∆ ∆ =
 −∆ ∆ ∆
 
 

Κ

6-7
B-axis

67 4 4p ×=Κ I 67

1 0 0
1 0

0 1

1

z

0 0 0

xB

x

B y
p

z B

B zB

γ
γ α

α

−∆ 
 ∆ −∆ ∆ =  ∆ ∆
  
 

Κ

67

cos 0 sin 0
0 1 0 0

sin 0 cos 0
0 0 0 1

s

B B

B B

 
 
 =
 −
 
 

Κ 67

1
1

1
0 0 0 1

B B B

B B B
s

B B B

x
y
z

γ β
γ α
β α

−∆ ∆ ∆ 
 ∆ −∆ ∆ ∆ =
 −∆ ∆ ∆
 
 

Κ

7-8
Workpiece

78

1 0 0
0 1 0
0 0 1
0 0 0 1

w

w
p

w

x
y
z

 
 
 =
 
 
 

Κ 78 4 4p ×∆ =Κ I

78 4 4s ×=Κ I 78 4 4s ×∆ =Κ I

4-5
Tool

45

1 0 0
0 1 0
0 0 1
0 0 0 1

t

t
p

t

x
y
z

 
 
 =
 
 
 

Κ 45 4 4p ×∆ =Κ I

45 4 4s ×=Κ I 45 4 4s ×∆ =Κ I
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(0, 1); and ( 1 / 2) /iu i K= −  when it is selected at the center of the 
interval. 

(3) The K sample values of variable Vj are randomly sorted accord-
ing to the ordinal number of the interval to which they belong, and 
they are placed together in the order of the variables. It is equivalent to 
constructing a sampling ordinal matrix [ ]ij K nr ×=R  with K rows and 
n columns. Besides, the variables are in the column order, and each 
column is a random and unique arrangement of the ordinal numbers 
1,2,..., K , and the K samples of each variable are arranged by num-
bers in the columns.

The sequential matrix R is randomly generated, and the columns 
which introduce the statistical correlations affect the simulation re-
sults. The Spearman coefficient of the order matrix R is employed 
to reduce the statistical correlation, described by [ ]S ijs n nq ×=ρ . The 
Spearman rank correlation coefficients of the i-th and j-th columns 
can be obtained by:

 
2

2
1

61  ( )
( 1)

K
ijs ai aj

a
q r r

K K =
= − −

−
∑  (19)

where ijsq  is a symmetric matrix, and it is equal to the unit matrix In 
in the case of uncorrelated columns. There are no columns with the 
same sort in R, so the matrix Sρ  is positive definite.

The LHSMC reflects the variable distribution characteristics by 
using the few samples, which can effectively simulate the failure pos-
sibility of machine tools.

3.2. Machining accuracy reliability analysis
When a part of the machine structure or the whole exceeds the 

specified state and cannot operate in accordance with the desired 
functional requirements, the specified state is a limit state which is 
critical to judge the structure reliability [28]. To analyze the structure 
reliability, it is necessary to determine whether it has reached its limit 
state. This section studied the machining accuracy reliability under 
the stochastic uncertainty of errors, and the performance function is 
represented as:

 1 2( ) ( , ,..., )ng ζ ζ ζ= =ζη  (20)

In Eq. (20), 1 2( , ,..., )T
nζ ζ ζ=ζ

 
contains the n basic random vari-

ables affecting the machining accuracy reliability, 0<η  means the 
structure is in a failure state, and 0=η  means the structure is in a 
limit state.

Function η  is a continuous random variable, and the failure pos-
sibility can be expressed as:

 
0( 0) ( ) (0)fp P f z dz F
−∞

= ≤ = =∫ η ηη  (21)

where ( )f zη  is the possibility density function of η  , and ( )F zη  is 
the cumulative distribution function of η .

Also, the failure possibility can be written as:

1 2 1 20 0 0( ) ( ) ... ( , ,..., ) ...f n np dF f d f d d dζ ζ ζ κ κ κ κ κ κ
≤ ≤ ≤

= = =∫ ∫ ∫ ∫η η η
κ κ κ

(22)

where 1 2( ) ( , ,..., )nf fζ ζ κ κ κ=κ  is the joint possibility density func-

tion of variable 1 2( , ,..., )T
nζ ζ ζ=ζ , and 1 2( ) ( , ,..., )nF Fζ ζ κ κ κ=κ  is 

the joint cumulative distribution function of random variable 
1 2( , ,..., )T

nζ ζ ζ=ζ .

However, the joint possibility density function ( )fζ κ  is hard to 
obtain. From Eq. (21), fp  is determined by the form of the distribu-
tion of the functional function η . Assuming η  obeys normal distri-
bution, its mean value and standard deviation are µηand ση , which 
is denoted as ( , )N µ σ η ηη . Then, the possibility density function 

( )f zη  of η  is expressed as:

 
2

2

( )1( | , ) exp
2 2N

z
f z
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 = −
 
 

η
η η

η η
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η  is converted to a standard normal distribution variable (0,  1)K N  
by ( ) /K µ σ= − η ηη , and the possibility density function and cumu-
lative distribution function can be expressed as:
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According to Eq. (24), if the variable η  is normally distributed, 
its possibility density and cumulative distribution functions are trans-
formed into:
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Then, the failure possibility can be described by the following 
equation:

 (0 | , )f Np F
µ

µ σ ω
σ

 
 = = −
 
 

η
η η

η
 (26)

Up to now, a machining accuracy reliability analysis method for 
the machine tool based on LHSMC is formed. The proposal procedure 
of the method is illustrated in Fig. 4.

4. A case demonstration

4.1. Validation of thermal error
The four-axis machine tool is taken as a research example, and its 

basic parameters are given in Table 3. Through analyzing the heat 
generation mechanism, the heat generation power and heat transfer 
coefficient were determined as the characteristic parameters related 
to the thermal error. Then, they were optimized by IA, and they were 
employed as the thermal load and boundary conditions of the steady-
state thermal analysis of the electric spindle unit in finite element 
analysis software.

Table 3. Basic parameters of the machine tool

Parameter type Value

Length×Width×Height 6775mm×4500mm×4370mm

Spindle speed 80-8000r/min

Motor power 22kW

Movable distance in X-axis 1400mm
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Movable distance in Y-axis 1000mm

Movable distance in Z-axis 900mm

B-axis rotation 0°-360°

The electric spindle unit is assembled from many parts. Inevitably, 
there are small features inside the spindle unit. To decrease the com-
plexity of the simulation, the spindle system was simplified by ignor-
ing small chamfers, mounting holes and screw holes. The interference 
fit between parts is not considered. The bearing balls are regarded 
as rings for finite element simulation purpose. The simplified spin-
dle unit is shown in Fig. 5(a), and Fig. 5(b) shows the half-section 

structure of the spindle unit, which shows the internal components 
and position relationship of the spindle unit. The three-dimensional 
model of the spindle unit is imported into the analysis software, and 
its finite element mesh model is obtained by the automatic mesh di-
vision method, as shown in Fig. 5(c) and Fig. 5(d). In addition, the 
material of the spindle unit structure is defined in the material library 
of analysis software.

The following conditions are set before performing the steady-state 
thermal temperature field simulation: the material parameters of each 
component of the electric spindle are set; the environmental and cool-
ant inlet temperature are set at 20°C; the coolant flow rate is set at 5L/
min as a constant; the optimized heat generation power is applied to 

the motor and bearings as the heat source, and 
the optimized heat transfer coefficient is applied 
to the heat transfer surface as the boundary con-
dition. The simulation process is in the steady-
state thermal analysis module of the analysis 
software.

The temperature field distribution of spin-
dle unit in the thermal steady state is shown in 
Fig. 6. Fig. 6(a) shows the temperature field 
distribution of main components of the spin-
dle unit. The highest temperature and the low-
est temperature of the body are 33.09°C and 
20.52°C, respectively. The temperature in the 
middle of the cooling jacket is higher than the 
two ends, which is related to the direct contact 
between the cooling jacket and the heat source. 
Fig. 6(b) shows the temperature distribution 
of the heat generating parts such as rotor, sta-
tor and bearings of the spindle unit. Fig. 6(c) 
shows the internal temperature distribution 
of the spindle unit, which implies the internal 
heat accumulation in the thermal steady state.  

Fig. 4. Flow chart for machining accuracy reliability analysis of the four-axis machine tool

Fig. 5. The finite element model of the spindle unit: a) the overall structure of the electric spindle, b) the half-section structure of the electric spindle, c) the finite 
element mesh model of main components, d) the section view of finite element mesh model of main components

a)

c)

b)

d)
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Fig. 6(d) shows the temperature distribution and characteristic of the 
core shaft, the highest temperature (33.09℃) occurs in the middle part 
of the core shaft. 

The temperature prediction values and the experimental values 
based on Particle swarm optimization algorithm (PSO) and IA are 
given in Table 4. The two methods are both used to optimize the char-
acteristic parameters.

Table 4 indicates that the temperature rise of different components 
of the spindle unit was predicted based on IA with less error than 
PSO, which explains the thermal error modeling based on IA has bet-
ter prediction effect.

The temperature field model was imported into the finite element 
mechanics analysis module, and the fixed constraints were config-
ured. The deformation of the electric spindle unit was obtained as 
shown in Fig. 7 and Fig. 8.

Fig. 7(a) shows the total deformation distribution of the spindle 
unit, and the maximum deformation is 1.7446e-5m. The max defor-
mation along the X-, Y- and Z-directions are 1.6799e-5m, 6.5465e-6m 
and 6.6051e-6m, as shown in Fig. 7(b)-(d). Fig. 8 shows the axial 
deformation of the core shaft is 1.3078e-5m.

4.2. Validation of machining accuracy
The machining accuracy model comprising the geometric and 

thermal errors was developed in the paper. To validate the model, the 
thermal deformation of the core shaft was extracted directly from the 
finite element simulation results as the thermal error. 30 geometric 
errors of the machine tool were measured by the relevant measuring 

instruments. Fig. 9 shows the platform and workpiece of the four-axis 
CNC machine tool. 30 measuring points are selected from the work-
piece coordinate system, and their coordinates are:   
 ( , ,1)( 50,150,250,350,450,550, 100,200,300,400,500)x y x y= = . 
The machining accuracy of each point is calculated based on MBS, 
and the results are shown in Fig. 10.

Fig. 10 describes the predicted and measured values of the machin-
ing accuracy in the X-, Y- and Z-directions, respectively, which illus-
trates that the machining accuracy with thermal error exhibits less de-
viations from the measured machining accuracy. Hence, the thermal 

error model established in the paper is verified.

4.3.  Validation of machining accuracy 
reliability

The distribution characteristics of errors need 
to be determined before discussing the machine 
tools reliability. Normally, the geometric errors 
are regarded as Gaussian distribution [26]. These 
30 measuring points are employed to predict the 
machining accuracy reliability.

To predict the machining accuracy reliability at different coordi-
nates, the Monte Carlo method was used as the simulation standard. 
The LHSMC and the AFOSM methods were used as the prediction 
methods, and the deviation of their reliability prediction values from 
Monte Carlo was shown in Fig. 11.

Fig. 11 demonstrates that the prediction value of machining ac-
curacy reliability obtained by LHSMC, AFOSM and Monte Carlo, 
respectively. It can be noted that the reliability prediction value of 
LHSMC is closer to Monte Carlo than AFOSM. The results illustrate 
that the LHSMC method in predicting the machining accuracy reli-
ability has a higher accuracy compared with AFOSM.

To verify the machining accuracy reliability analysis method pro-
posed in this paper, the coordinates covering the entire workpieces are 
selected according to the dimensions of the workpieces. A total of 300 
workpieces are machined, as shown in Fig. 12. The failure possibility 

Fig. 6. Temperature distribution of the spindle unit in thermal steady state: a) the temperature field of main components, b) the temperature field of heat generating 
components, c) the internal temperature field of the electric spindle, d) the temperature field of the core shaft

Table 4. The comparison between predicted temperature and experimental temperature

Location Experimental 
value (℃)

Prediction value 
based on IA (℃) Error% Prediction value 

based on PSO (℃) Error%

Front bearing 22.9 24.8 7.66 26.1 12.26

Rear bearing 21.5 23.6 8.90 24.6 12.60

Motor 27.5 29.5 6.78 30.8 10.71

a)

c)

b)

d)
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Fig. 9. Four-axis CNC machining tool platformFig. 8. Axial deformation of the core shaft

Fig. 7. Thermal deformation nephogram of the spindle unit, a) the total deformation, b) the deformation in X-direction, c) the deformation in Y-direction,  
d) the deformation in Z-direction

is calculated as the experimental data of machining accuracy reliabil-
ity. The results are shown in Table 5.

Table 5 shows the predicted values of machining accuracy reliabil-
ity based on different methods, and the comparison with the experi-
mental values verifies that the machining accuracy reliability analysis 
method proposed in the paper has a higher accuracy than AFOSM.

5. Conclusion
CNC machine tools are high continuity equipment, and their 

machining accuracy reliability mainly is affected by the geometric 
and thermal errors. Therefore, a thermal error modeling and machin-
ing accuracy reliability analysis method is presented, and the detailed 
conclusions comprise as following:

Based on the heat generation mechanism and IA, a thermal er-1. 
ror model was established, which was used to estimate the ther-
mal error in the actual machining process of machine tools;
Applying the MBS theory, a machining accuracy model in-2. 
cluding both geometric and thermal errors was established to 
derive the machining accuracy of machine tools;
A machine accuracy reliability prediction method was put for-3. 
ward considering the spindle thermal error. The effectiveness 
and superiority of the method were experimentally demon-
strated. It can provide the methodological support for spindle 
unit thermal error modeling and dynamic machining accuracy 
reliability prediction of machine tools.

a)

c)

b)

d)
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Fig. 11. Machining accuracy reliability of 30 measuring points: a) failure possibility based on LHSMC, b) failure possibility based on AFOSM, c) failure possibility 
based on Monte Carlo

Fig. 10. Machining accuracy of 30 measuring points: a) machining accuracy in X-direction, b) machining accuracy in Y-direction, c) machining accuracy in  
Z-direction

a)

a)

c)

c)

b)

b)
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Table 5. Failure possibility of measuring points obtained based on different methods

Coordinate of point
(x, y)

Total number of 
workpieces

Number of failed 
workpieces

The failure possibility 

Experimental 
value Monte Carlo LHSMC AFOSM

(300,30) 300 9 3.00% 3.11% 3.25% 3.96%

(570,300) 300 11 3.67% 3.68% 3.84% 4.35%

(300,570) 300 13 4.33% 4.01% 4.32% 5.03%

(30,300) 300 10 3.33% 3.39% 3.58% 3.97%

(110,110) 300 8 2.67% 2.68% 2.53% 3.31%

(490,110) 300 9 3.00% 3.12% 3.05% 3.28%

(110,490) 300 10 3.33% 3.38% 3.46% 3.36%

(490,490) 300 14 4.67% 4.58% 4.72% 5.03%

Fig. 12. The machining process of the workpieces: a) the machining process of a workpiece, b) various workpieces

Appendix

Parameter Equation Value

1vM (N·mm) 
(Front bearing)

27 33
1, 2 1, 210 ( )v v m mM f vn d− ∗ ′=

f ∗ denotes the coefficient related to bearing lubrication, and f ∗ =4;
v  denotes the lubricant kinematic viscosity, and v =45 (mm2/s);

n′  denotes the bearing speed, and n′=8000 (r/min);

1md  is the front bearing mean diameter, and 1md =95(mm);

2md  is the rear bearing mean diameter, and 2md =100.25 (mm)

1811.1

2vM (N·mm) 
(Rear bearing)

2128.3

a)

b)
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